Abstract. By a metric fractal we understand a compact metric space K endowed with a finite family
is called the Lipschitz constant of the fractal structure F. It is easy to see that for any fractal structure F on a compact metric space K and any n ∈ N the family F •n = {f 1 • · · · • f n : f 1 , . . . , f n ∈ F } is a fractal structure on K with Lipschitz constant Lip(F •n ) ≤ Lip(F) n .
A compact metric space K endowed with a fractal structure F will be called a metric fractal. In other words, a metric fractal is a pair (K, F) consisting of a compact metric space K and a fractal structure F on K. The space K will be called the underlying metric space of the metric fractal (K, F).
Therefore, for any finite family F of contracting self-maps of a complete metric space X its Ffractal K is the underlying metric space of the metric fractal (K, F K), where F K = {f K : f ∈ F} and f K is the restriction of f to K. The pair (K, F K) will be called a fractal in the metric space X.
The notion of a metric fractal has also a topological counterpart. A system F of continuous selfmaps of a topological space X is called topologically contracting if for any open cover U of X there exists a number n such that for any functions f 1 , . . . , f n ∈ F the set f 1 • · · · • f n (X) is contained in some set U ∈ U. It is known [6] that a finite system F of continuous self-maps on a compact Hausdorff space X is topologically contracting if and only if for any infinite sequence (f n ) n∈ω ∈ F ω the intersection n∈ω f 0 • · · · • f n (X) is a singleton.
A topological fractal is a pair (X, F) consisting of a compact Hausdorff topological space X and a finite topologically contracting system F of continuous self-maps such that X = f ∈F f (X). The compact topological space X will be called the underlying topological space of a topological fractal (X, F).
It is easy to see that each metric fractal is a topological fractal. By [3] and [21] , there exists a topological fractal whose underlying topological space is not homeomorphic to the underlying topological space of any metric fractal. On the other hand, for any topological fractal (X, F) its underlying topological space X is metrizable by a metric d such that d(f (x), f (y)) < d(x, y) for any f ∈ F and any distinct points x, y ∈ X (see [6, 6.2] or [20] ).
The aim of this paper is to recognize metric and topological fractals which are equivalent to fractals in some special metric spaces, like Banach, Hilbert or Euclidean spaces. By a Euclidean space we understand any finite-dimensional Hilbert space; a Hilbert space is a Banach space whose norm is generated by an inner product. It is well-known that each Euclidean space is isometric to some space R n endowed with the standard Euclidean distance. Now we define the notion of equivalence of fractals. Two topological fractals (X, F X ) and (Y, F Y ) are called topologically equivalent if there exist a homeomorphism h : X → Y such that F Y = {h • f • h −1 : f ∈ F X }. If (X, F X ) and (Y, F Y ) are metric fractals and the homeomorphism h is an isometry (resp. ε-isometry, bi-Lipschitz, equi-Hölder, bi-Hölder) homeomorphism, then the fractals are called isometrically (resp. ε-isometrically, bi-Lipschitz, equi-Hölder, bi-Hölder) equivalent.
A homeomorphism f : X → Y between metric spaces (X, d X ) and (Y, d Y ) is called
, f (y)) = d X (x, y) for all x, y ∈ X;
• an ε-sometry for some ε > 0 if For these four types of homeomorphisms we have the implications isometry ⇒ ε-isometry ⇒ bi-Lipschitz ⇒ equi-Hölder ⇒ bi-Hölder.
In the next section we present some results on the (isometric, ε-isometric, bi-Lipschitz, equiHölder) topological equivalence of (metric) topological fractals to fractals in Banach, Hilbert or Euclidean spaces. The most difficult result of this paper is Theorem 8.1 saying that each finitedimensional compact metrizable space X containing an open uncountable zero-dimensional subspace Z is homeomorphic to a fractal in a Euclidean space. The particular case of Theorem 8.1 with Z being homeomorphic to a the Cantor set was proved by Duvall and Husch [10] in 1992.
Embedding of metric fractals into (almost) universal metric spaces
A metric space X is called universal if it contains an isometric copy of each compact metric space. A classical example of a universal metric space is the Banach space C[0, 1] of continuous real-valued functions on [0, 1] (see [2] ). By a result of Dutrieux and Lancien [9] , a Banach space X is universal if and only if it contains a linear isometric copy of C[0, 1]. In particular, the Banach space ∞ of bounded sequences is universal.
Theorem 2.1. Any metric fractal (X, F) is isometrically equivalent to a fractal in any universal metric space U .
Proof. By a result of Isbell [15] (mentioned on page 32 of [8] ), the compact metric space X is a subset of a compact metric space X, which is an absolute 1-Lipschitz extensor. The latter means that each Lipschitz map f : A → X defined on a subset A of a metric space M has a Lipschitz extension f : M → X with the same Lipschitz constant Lip(f ) = Lip(f ).
Given a universal metric space U , we can identify the compact metric space X with a subspace of U . So, X ⊂ X ⊂ U . Since X is an absolute 1-Lipschitz extensor, every map f ∈ F has a Lipschitz extensionf : U → X ⊂ U with Lipschitz constant Lip(f ) = Lip(f ) < 1.
Then the function systemF := {f : f ∈ F } consists of contracting self-maps of U and has the set X = f ∈F f (X) = f ∈Ff (X) as its attractor. So, the metric fractal (X, F) is isometric to the fractal (X,F X) in U .
Remark 2.2. Theorem has a topological version, proved in [5] : each topological fractal (X, F) is topologically equivalent to a topological fractal in a topological space U , containing a topological copy of any compact metrizable space.
A metric space X is defined to be almost universal if for every ε > 0, every compact metric space K is ε-isometric to a subspace of X. A classical example of an almost universal metric space is the Banach space c 0 . This important fact was proved by Kalton and Lancien in [17] . By [9] , the Banach space c 0 is not universal. Theorem 2.3. For any ε > 0, any metric fractal (X, F) is ε-isometrically equivalent (and hence bi-Lipschitz equivalent) to a fractal in any almost universal metric space U .
Proof. Let (U, d U ) be an almost universal metric space. Since Lip(F) < 1, we can choose a positive real number δ < ε so small that (1 + δ) 2 · Lip(F) < 1.
By [15] , the compact metric space X is a subspace of a compact metric space X, which is an absolute 1-Lipschitz extensor. By the almost universality of the metric space U , there exists a δ-isometric embedding ϕ : X → U , which means that
The first inequality implies that for each f ∈ F the function f • ϕ −1 : ϕ(X) → X ⊂ X has Lipschitz constant Lip(f •ϕ −1 ) ≤ (1 + δ) · Lip(f ) and hence has a Lipschitz extensionf :
Therefore, the function systemF := {f : f ∈ F} consists of contracting maps of U and has the set ϕ(X) = f ∈F ϕ • f (X) = f ∈Ff (ϕ(X)) as its attractor. Moreover, {f ϕ(X) :f ∈F} = {ϕ•f •ϕ −1 : f ∈ F}, which means that the fractal (X, F) is ε-isometrically (and hence bi-Lipschitz) equivalent to the fractal (ϕ(X),F ϕ(X)) in U .
Applying Theorems 2.1 and 2.3 to the (almost) universal Banach spaces ∞ , C[0, 1] (and c 0 ), we obtain the following embeddability theorem.
Corollary 2.4. Any metric fractal (X, F) is
• isometrically equivalent to a fractal in the Banach space C[0, 1];
• isometrically equivalent to a fractal in the Banach space ∞ ;
• bi-Lipschitz equivalent to a fractal in the Banach space c 0 .
It is well-known that for each infinite compact Hausdorff space K, the Banach space C(K) of continuous real-valued functions on K contains an isometric copy of the Banach space c 0 , which implies that the Banach space C(K) is almost universal. If the compact space K is not scattered, then it admits a continuous map onto [0, 1], which implies that C(K) contains an isometric copy of the Banach space C[0, 1] and hence C(K) is universal. Combining these observations with Theorem 2.1, we obtain the following embedding result.
Theorem 2.5. Let K be a (non-scattered) infinite compact Hausdorff space. Any metric fractal (X, F) is (isometrically) bi-Lipschitz equivalent to a fractal in the Banach space C(K).
Embedding metric fractals into Hilbert spaces
In this section we discuss the problem of embeddings of metric fractals into Hilbert spaces. It is well-known that each Hilbert space H is linearly isometric to the Hilbert space 2 (κ) for a suitable cardinal κ. The Hilbert space 2 (κ) consists of functions f : κ → R with x∈κ |f (x)| 2 < ∞. The norm of 2 (κ) is generated by the inner product f, g := x∈κ f (x)g(x).
By the classical Kirszbraun Theorem 1.12 in [8] , any Lipschitz map f : A → H defined on a subset A of a Hilbert space H extends to a Lipschitz mapf : H → H with the same Lipschitz constant Lip(f ) = Lip(f ). Using this theorem of Kirszbraun, we can prove the following characterization. Theorem 3.1. A metric fractal (K, F) is isometrically equivalent to a fractal in a Hilbert space H if and only if its underlying metric space K admits an isometric embedding in H.
Concerning the isometric embeddability of metric spaces into Hilbert spaces we have the following characterization.
Proposition 3.2. For a metric space X with metric d X the following conditions are equivalent:
(1) X is isometric to a subset of a Hilbert space;
. . , x n ∈ X and real numbers c 1 , . . . , c n with
Proof. The equivalence (1) ⇔ (2) is proved in [8, 8.5(ii) ]. To show that (2) ⇒ (3), apply (2) to the points
To prove that (3) ⇒ (2), assume that (2) does not hold and find points x 1 , . . . , x n ∈ X and real numbers c 1 , . . . , c n such that n i=1 c i = 0 and
By the continuity of the arithmetic operations, we can assume that the numbers c 1 , . . . , c n are rational. Multiplying these rational numbers by their common denominator, we can make them integer. Repeating each point x i |c i | times, we can assume that the numbers c 1 , . . . , c n belong to the set {−1, 1}. In this case the equality n i=1 c i = 0 implies that n is even and hence n = 2k for some k. After a suitable permutation, we can assume that c i = 1 for i ≤ k and c i = −1 for i > k. Now put
which contradicts (3).
A metric space X is called an ultrametric space if its metric d X is an ultrametric, which means that it satisfies the strong triangle inequality
Applying Proposition 3.2, we obtain the following generalization of the embeddability result of Vestfrid and Timan [22] , [23] .
Corollary 3.3. Each ultrametric space X is isometric to a subset of a Hilbert space.
Proof. Given any points x + 1 , . . . , x + n and x − 1 , . . . , x − n in X, we need to check the inequality (3) of Proposition 3.2. This will be proved by induction on n. For n = 1 the inequality (3) is trivially true. Assume that for some n ∈ N we have proved that the inequality (3) 
. By the inductive assumption,
For every i ≤ n, the strong triangle inequality for the ultrametric d X implies
A metric fractal (X, F) will be called an ultrametric fractal if its underlying metric space X is an ultrametric space. Theorem 3.1 and Corollary 3.3 imply the following embeddability result. For bi-Lipschitz and equi-Hölder equivalences we have a bit weaker embeddability result. Theorem 3.5. If the underlying metric space of a metric fractal (K, F) admits a (bi-Lipschitz) equiHölder embedding to a Hilbert space H, then for some n ∈ N, the fractal (X, F •n ) is (bi-Lipschitz) equi-Hölder equivalent to a fractal in H.
This theorem can be derived from Kirszbraun Theorem 1.12 in [8] and the following simple lemma. 
Proof. Since ϕ is equi-Hölder, there are positive constants c and α such that
for all x, x ∈ X. This inequality implies that 1
for all y, y ∈ Y . Take any Lipschitz map f : X → X and observe that for any points y, y ∈ Y we have
Equi-Hölder embeddings of metric fractals into Euclidean spaces
Theorem 3.1 and 3.5 reduce the problem of embedding fractals into Hilbert spaces to the problem of embedding their underlying spaces into Hilbert spaces. In case of Euclidean spaces (i.e., finitedimensional Hilbert spaces) we have a nice characterization of equi-Hölder embeddability, due to Assouad [1] .
He proved that a separable metric space X admits an equi-Hölder embedding into a Euclidean space if and only if X has the doubling property, which means that for some number N ∈ N, each subset S ⊂ X can be covered by ≤ N sets of diameter ≤ 1 2 diam(S) (in fact, instead of the constant 1 2 , we can take any positive number λ < 1 and obtain an equivalent definition). It is easy to see that each metric space with the doubling property is separable. The Asouad's characterization implies that the doubling property is preserved by equi-Hölder equivalences of (separable) metric spaces.
We shall say that a metric fractal has the doubling property if its underlying metric space has the doubling property. Combining the Assouad's characterization with Theorem 3.5 we get the following characterization.
Theorem 4.1. A metric fractal (K, F) has the doubling property if and only if for some n ∈ N the metric fractal (K, F •n ) is equi-Hölder equivalent to a fractal in a Euclidean space.
For ultrametric fractals we can prove a much better embedding result. A self-map f of a metric space will be called ε-contracting if Lip(f ) ≤ ε. Theorem 4.2. Each ultrametric fractal (X, F) with the doubling property is equi-Hölder equivalent to a fractal in R. More precisely, for every ε > 0 the fractal (X, F) is equi-Hölder equivalent to the attractor of a function system consisting of |F| many ε-contracting self-maps of the real line.
Proof. We lose no generality assuming that the ultrametric space X has diameter diam(X) ≤ 1. Fix any real number λ ∈ [ For every n ∈ ω let U n be the family of closed balls of radius λ n in the ultrametric space X. The strong triangle inequality implies that for any distinct balls U, V ∈ U n we have dist(U, V ) > λ n where dist(U, V ) = inf{d X (u, v) : u ∈ U, v ∈ V }. Moreover, for any V ∈ U n+1 there exists a unique W ∈ U n with V ⊂ W .
We claim that for any n ∈ ω and W ∈ U n the family
Given any positive ε < 1, choose a positive real number α ≤ 1 such that λ α < ε (1+ε)D . For every n ∈ ω and W ∈ U n choose inductively a closed interval
For every n ∈ ω and W ∈ U n the choice of the family (I U : U ∈ U n+1 (W )} is always possible since
Now consider the map ϕ : X → R assigning to each point x ∈ X the unique point of the intersection {I U : x ∈ U ∈ n∈ω U n }. We claim that ϕ is a bi-Lipschitz embedding of the ultrametric space (X, d α X ) into the real line. Given any distinct points x, y ∈ X, find a unique number n ∈ ω such that λ n+1 < d X (x, y) ≤ λ n . Then x, y ∈ W for some W ∈ U n and hence
, the points x, y are contained in distinct sets U, V ∈ U n+1 (W ). Now the condition (c) of the inductive construction ensures that
X (x, y) and the map ϕ is a bi-Lipschitz embeding of the ultrametric space (X, d α X ) into R and an equi-Hölder embedding of the ultrametric space (X, d X ) into R.
Observe also that for any contraction f ∈ F and any points x, y ∈ X with
⊂ R is ε-contracting and hence can be extended to an ε-contracting mapf : R → R. Now we see that the familyF := {f : f ∈ F} consists of ε-contractions of the real line and the ultrametric fractal (X, F) is equi-Hölder equivalent to the fractal (ϕ(X),F ϕ(X)) in the real line.
In Example 5.2 we shall construct a simple ultrametric fractal which fails to have the doubling property and hence is not equi-Hölder equivalent to a fractal in a Euclidean space. Nonetheless we do not know the answer to the following open problem. Problem 4.3. Is each metric fractal homeomorphic to a metric fractal with the doubling property?
The Kameyama pseudometrics on topological fractals
The problem of metrizability of topological fractals was considered by Kameyama [18] . On each topological fractal (X, F) Kameyama defined a family (p F λ ) λ<1 of continuous pseudometrics and proved that the topological fractal (X, F) is topologically equivalent to a metric fractal if and only if for some λ < 1 the pseudometric p F λ is a metric, see Corollary 1.14 in [18] . To give the precise definition of the Kameyama pseudometrics p F λ , we need to introduce some notation. For a topological fractal (X, F) let id X : X → X be the identity map of X and
The Kameyama pseudometric p F λ on X is defined by the formula
where the infimum is taken over all sequences f 1 , . . . , f n ∈ F •ω such that x ∈ f 1 (X), y ∈ f n (X) and
, which implies that the psudometric p F λ is a metric. On the other hand, if for some λ < 1 the pseudometric p F λ is a metric, then it turns (X, F) into a metric fractal as each map f ∈ F has Lipschitz constant ≤ λ with respect to the Kameyama metric p F λ (see Proposition 1.12 in [18] ).
Applying Theorem 4.1 to this metric fractal, we obtain the following embeddability criterion.
Corollary 5.1. Let (X, F) be a topological fractal. If for some λ < 1 the Kameyama pseudometric p F λ on X is a metric with the doubling property, then for some n ∈ N the topological fractal (X, F •n ) is topologically equivalent to a fractal in a Euclidean space.
Unfortunately, even for fractals in a Euclidean space the Kameyama metric needs not have the doubling property.
Example 5.2. Fix any complex number c such that |c| = 1 and c n = 1 for any n ∈ N. On the complex plane C consider the system F = {f 1 , f 2 , f 3 } consisting of three contracting self-maps, defined by the formulas
The attractor X of the function system F coincides with the set
Looking at the definition of the Kameyama pseudometric p F λ , we can see that for any distinct points x n,l , x m,q ∈ X \ {0} we have p
which implies that p F λ is a metric. Moreover, for various λ < 1 the Kameyama metrics are equi-Hölder equivalent.
To see that the metric p F λ does not have the doubling property, observe that for any n ∈ N and distinct numbers l, q ≤ n we have λ n < p F λ (x n,l , x n,q ) ≤ 2λ n , which implies that the set S n = {x n,l : 0 ≤ l ≤ n} cannot be covered by less than (n + 1) sets of diameter ≤ 1 2 diam(S n ) ≤ λ n . Therefore the compact metric space X λ = (X, p F λ ) does not have the doubling property and the metric fractal (X λ , F) is not equi-Hölder equivalent to a fractal in a Euclidean space. On the other hand, the fractal (X λ , F) is bi-Lipschitz equivalent to a fractal in the Hilbert space 2 .
This follows from Theorem 3.4 as the metric p F λ is bi-Lipschitz equivalent to the ultrametric u λ on X defined by
for distinct points x n,l , x m,q ∈ X \ {0}. Let U λ be the set X endowed with the ultrametric u λ . It is easy to see that each map f ∈ F remains contracting with respect to the ultrametric u λ , so (U λ , F) is a ultrametric fractal. By Theorem 3.4, the ultrametric fractal (U λ , F) is isometrically equivalent to a fractal in 2 . Then the metric fractal (X λ , F), being bi-Lipschitz equivalent to the ultrametric fractal (U λ , F) is bi-Lipschitz equivalent to a fractal in 2 . On the other hand, the ultrametric space U λ does not have the doubling property (since this property is preserved by bi-Lipschitz homeomorphisms), so U λ is not equi-Hölder equivalent to a subset of a Euclidean space.
Topological ultrafractals
In this section we describe a class of topological fractals (called topological ultrafractals), for which the Kameyama pseudometrics p F λ are ultrametrics with the doubling property. A topological fractal (X, F) is called a topological ultrafractal if for any functions f, g ∈ F •ω = k∈ω F •k one of the following holds:
In this case the topological fractal structure F is called a topological ultrafractal structure.
Let us observe that the ultrametric fractal (U λ
Proof. The definition of p F λ implies that
Assuming that p F λ (x, y) < u λ (x, y), we can find a sequence of functions f 1 , . . . , f n ∈ F •ω such that x ∈ f 1 (X), y ∈ f n (X), f i (X) ∩ f i+1 (X) = ∅ for all i < n, and n i=1 λ o(f i ) < u λ (x, y). We can assume that the number n is the smallest possible. The definition of u λ (x, y) implies that n > 1.
In both cases we can replace the sequence f 1 , . . . , f n by the shorter sequence f 2 , . . . , f n or f 1 , f 3 , . . . , f n , which contradicts the minimality of n. This contradiction shows that p F λ (x, y) = u λ (x, y). Taking into account that the family F is topologically contracting, we can prove that u λ is a metric. To see that u λ is an ultrametric, take any pairwise distinct points x, y, z ∈ X. Since u λ (x, y) > 0, there exists a function f ∈ F •ω such that u λ (x, y) = λ o(f ) and x, y ∈ f (X). By the same reason, there exists a function g ∈ F •ω with u λ (y, z) = λ o(g) and y, z ∈ g(X). Since (X, F) is a topological ultrafractal and y ∈ f (X) ∩ g(X) = ∅, either f (X) ⊂ g(X) or g(X) ⊂ f (X). In the first case we obtain x, z ∈ f (X) ∪ g(X) ⊂ g(X) and hence u λ (x, z) ≤ λ o(g) ≤ max{u λ (x, y), u λ (y, z)}. In the second case, x, y ∈ f (X) and hence
Finally, we show that the ultrametric u λ has the doubling property. It suffices to check that any set S ⊂ X can be covered by |F| many sets of diameter ≤ λ · diam(S). We can assume that S contains more than one point and find k ∈ ω such that diam(S) = λ k . Fix any point x ∈ S and observe that {f (X) : f ∈ F •k , x ∈ f (X)} is a finite cover of S. Since (X, F) is a topological ultrafractal, this cover is linearly ordered and hence contains the largest element f (X). Now we see that S ⊂ f (X) = g∈F f • g(X) and each set f • g(X) has diameter ≤ λ k+1 = λ · diam(S). Theorems 4.2 and 6.1 imply the following embedding result. Theorem 6.2. Any topological ultrafractal (X, F) is topologically equivalent to a fractal in the real line. More precisely, for any positive λ < 1, the topological ultrafractal (X, F) endowed with the Kameyama ultrametric p F λ is equi-Hölder equivalent to a fractal in the real line.
Strict topological ultrafractals
A topological fractal (X, F) is called a strict topological ultrafractal if its fractal structure F has a property that for any k ∈ ω, any functions f, g ∈ F •k one of the following holds:
Such a fractal structure F is called a strict topological ultrafractal structure.
Proposition 7.1. Each strict topological ultrafractal (X, F) is a topological ultrafractal.
Proof. Given distinct functions f, g ∈ F •ω with f (X)∩g(X) = ∅, we need to prove that f (X) ⊂ g(X) or g(X) ⊂ f (X).
Write f and g as f = f 1 • · · · • f n and g = g 1 • · · · • g m for some functions f 1 , . . . , f n , g 1 , . . . , g m ∈ F. We lose no generality assuming that n ≤ m. Letg = g 1 • · · · • g n . If f (X) =g(X), then g(X) ⊂ g(X) = f (X) and we are done. So, assume that f (X) =g(X). Taking into account that (X, F) is a strict topological ultrafractal and ∅ = f (X) ∩ g(X) ⊂ f (X) ∩g(X), we conclude that f (X) or g(X) ⊃ g(X) is a singleton. In the first case f (X) = f (X) ∩ g(X) ⊂ g(X). In the second case
Now we characterize zero-dimensional compact metrizable spaces, homeomorphic to (strict) topological (ultra)fractals. By [4] (see also [11] ), a zero-dimensional compact metrizable space X is homeomorphic to a topological fractal if and only if X either is uncountable or is countable and has non-limit scattered height.
Let us recall that a topological space X is scattered if each subspace A ⊂ X has an isolated point. The Baire Theorem guarantees that each countable complete metric space is scattered. The complexity of a scattered topological space can be measured by the ordinal (X) defined as follows.
Let X be a topological space. For a subset A ⊂ X, denote by A (1) the set of non-isolated points of A. Put X (0) = X and for every ordinal α, define the α-th derived set X (α) by the recursive formula
The intersection X (∞) = α X (α) of all derived sets has no isolated points and is called the perfect kernel of X. For a scattered topological space X, the perfect kernel X (∞) is empty and the ordinal (X) = min{α : X (α) is finite} is called the scattered height of X. A scattered topological space X is called unital if the set X ( (X)) is a singleton. Theorem 7.2. For a zero-dimensional compact metrizable space X the following conditions are equivalent:
(1) (X, F) is a topological fractal for some function system F; (2) (X, F) is a strict topological ultrafractal for some function system F of cardinality |F| = 3; (3) for every ε > 0, the space X is homeomorphic to the attractor of a function system consisting of three ε-contractions of the real line; (4) X is either uncountable or else X is countable and has non-limit scattered height.
Proof. The equivalence (1) ⇔ (4) was proved in [4] , (2) ⇒ (3) follows from Theorem 6.2 and Proposition 7.1; the implication (3) ⇒ (1) is trivial. So, it remains to prove that (4) ⇒ (2). In [4, Lemma 3] (more precisely, in its proof) it was shown that a compact metrizable space X has a strict topological ultrafractal structure F consisting of two maps if X either zero-dimensional and uncountable or X is countable and unital with non-limit scattered height. So, it remains to consider the case of a countable non-unital space X. In this case X is homeomorphic to the product Z × D of a unital countable space Z and a discrete space D of cardinality |D| = |X ( (X)) |. By the preceding case, the countable unital space Z has a strict topological ultrafractal structure F 2 consisting of two maps. The following lemma implies that the space X ∼ = Z × D has a strict topological ultrafractal structure F consisting of three maps. Lemma 7.3. If a compact metrizable space X has a strict topological ultrafractal structure F, then for any non-empty finite discrete space D the space Y := X × D has a strict topological ultrafractal structure of cardinality ≤ |F| + 1.
Proof. Write D as D = {y 1 , . . . , y n } for n = |D|. There is nothing to prove for |D| = 1, so assume that n > 1. Replacing F by a suitable subfamily, we can assume that X = f ∈F f (X) for every proper subfamily F ⊂ F. In this case the ultrafractality of F ensures that the sets f (X), f ∈ F, are pairwise disjoint. Write the family F as F = {f 1 , . . . , f m } where m = |F|. Using the fact that the system F is topologically contracting, we can show that each map f i ∈ F has a unique fixed point x i ∈ X (as was mentioned in Section 1, in such case f i is a weak contraction with respect to a suitable metric and hence f i has a unique fixed point by [12] ).
For every positive integer i ≤ m, consider the map g i : Y → Y = X × D defined by the formula
Also consider the map g 0 : Y → Y defined by g 0 (x, y) = (x, y j+1 ) if y = y j for some j < n;
It can be shown that Y = m i=0 g i (Y ) and that the function system G = {g i } m i=0 is topologically contracting.
So, G is a fractal structure on Y . Let us show that this structure is a strict topological ultrafractal structure. Take any k ∈ N and two functions ϕ, ψ ∈ G •k such that ϕ(Y ) = ψ(Y ) and ϕ(Y )∩ψ(Y ) = ∅. We should prove that ϕ(Y ) or ψ(Y ) is a singleton. Write ϕ and ψ as ϕ = g p 1 • · · · • g p k and ψ = g q 1 • · · · • g q k for some sequences (p 1 , . . . , p k ), (q 1 , . . . , q k ) ∈ {0, . . . , m} k . If for some i < k we have p i = 0 and p i+1 = 0, then g p i • g p i+1 (Y ) is a singleton and so is ϕ(Y ). Therefore, we can assume that there exists a non-negative integer numbers s < k such that p i = 0 for all i ≤ s and p i = 0 for all s < i ≤ k (in the case s = 0, we assume that all p i are nonzero). If s ≥ n, then the set ϕ(Y ) ⊂ g s 0 (Y ) = {(x 1 , y n )} is a singleton and we are done. So, s < n. By analogy we can assume that for some non-negative number t ≤ k with t < n we have q i = 0 for all i ≤ t and q i = 0 for all t < i ≤ k. Since ϕ(X) = ψ(X), the sequences (p 1 , . . . , p k ) and (q 1 , . . . , q k ) are distinct and thus min{s, t} < k. Without loss of generality, we can assume that s ≤ t and hence s < k. Then ϕ(Y ) ⊂ g s 0 (X × {y 1 }) ⊂ X × {y s+1 }. Assuming that s < t, we conclude that ψ(Y ) ⊂ g t 0 (Y ) ⊂ X × {y t+1 , . . . , y n } is disjoint with ϕ(Y ). This contradiction shows that s = t < k. Since the map g s 0 |X × {y 1 } is injective (if s = 0, then g 0 0 is the identity map of Y ), the sets
are not disjoint and do not coincide. Since F is a strict topological ultrafractal structure on X, one of these sets is a singleton. Then one of the sets ϕ(Y ) or ψ(Y ) is a singleton, too.
Recognizing Euclidean fractals among compact metrizable spaces
In [10] Duvall and Husch proved that each finite-dimensional compact metrizable space X containing an open subspace homeomorphic to the Cantor set is homeomorphic to a fractal in a Euclidean space. The following theorem (which is the main technical result of this paper) shows that the Cantor set in the result of Duvall and Husch can be replaced by any uncountable compact zero-dimensional space.
Theorem 8.1. For a compact metrizable space X containing an open uncountable zero-dimensional subspace Z, the following conditions are equivalent:
(1) X is finite-dimensional; (2) X is homeomorphic to a fractal in a Euclidean space; (3) X admits a topological fractal structure F consisting of 4 contractions such that for some λ < 1 the Kameyama pseudometric p F λ is a metric with the doubling property.
Proof. The implication (3) ⇒ (2) follows from Theorem 4.1 and (2) ⇒ (1) is trivial. It remains to prove that (1) ⇒ (3). So, assume that the space X is finite-dimensional. By our hypothesis, the space X contains an open uncountable zero-dimensional subspace Z. Being uncountable, locally compact and zero-dimensional, the space Z contains an uncountable open compact zero-dimensional subspace. Replacing Z by this subspace, we can additionally assume that the open subspace Z of X is compact and its complement X \ Z is not empty. Now the idea of further proof is as follows. First we construct a special embedding of the compact zero-dimensional space Z into the square K ×K of the standard Cantor set K such that K ×{0} ⊂ Z. The product structure of K × K will help us to define a topological ultrafractal structure F Z = {f 0 , f 1 , f 2 } on Z such that for every λ < 1 the Kamyeama ultrametric p Then we embed the finite-dimensional space Y := X \ Z into a Euclidean space R d and using the partition of R d into cubes, construct a special surjective map f 3 : Z → Y . We shall extend the maps f i , i ∈ {0, 1, 2, 3} to continuous self-mapsf i of X such thatf i (Y ) is a singleton and obtain a topological fractal structure F = {f i } 3 i=0 on X whose Kameyama pseudometric p F λ is a metric with doubling property for any λ < 1 with
For convenience of the reader, our subsequent proof is divided into 8 steps. At the initial two steps we just introduce some notations, necessary for proper handling the Cantor set K and subsets of its square.
Step 1: Some notations related to the Cantor cube 2 ω .
By ω we denote the smallest infinite ordinal, which can be identified with the set of non-negative integer numbers. For a non-empty set A by A <ω := n∈ω A n we denote the set of all finite sequences of elements of the set A.
For a finite sequence s = (s 0 , . . . , s n−1 ) ∈ A n ⊂ A <ω by |s| we denote its length n. The set A 0 is a singleton consisting of the empty sequence, which has length 0.
The countable power A ω consists of infinite sequences (of length ω) in A. For an infinite sequence s = (s k ) k∈ω ∈ A ω and a number n ∈ N let s n := (s 0 , . . . , s n−1 ) be the restriction of s to the set n = {0, . . . , n − 1}. Similarly we define s n for finite sequence s of length |s| ≥ n.
For two finite sequences s = (s 0 , . . . , s n ) and t = (t 0 , . . . , t m ) by st := (s 0 , . . . , s n , t 0 , . . . , t m ) we denote their concatenation.
By 2 we denote the doubleton {0, 1}. Elements of the set 2 <ω ∪ 2 ω will be called binary sequences. For n ∈ N by 0 n we denote the unique sequence (0, . . . , 0) ∈ {0} n ⊂ 2 n . So, 0 n 1 is the sequence (0, . . . , 0, 1) ∈ 2 n+1 which will be written as 0 . . . 01. This is our general rule: writing binary sequences we shall omit commas and parentheses. So, for example, 100001 will denote the binary sequence (1, 0, 0, 0, 0, 1).
For a binary sequence α ∈ 2 <ω ∪ 2 ω of length l ∈ ω ∪ {ω} let α := (α 2n ) 0≤2n<l and α := (α 2n+1 ) 0<2n<l
be the even and odd parts of α. It is clear that the sequence α can be uniquely recovered from the pair ( α , α ). If α has finite length, then Step 2: Some notations related to the Cantor set K and its square K × K.
Consider the topological embedding x (·) : 2 ω → [0, 1] assigning to each infinite sequence α ∈ 2 ω the real number x α := ∞ n=0 2αn 3 n+1 . The image K := {x α : α ∈ 2 ω } is nothing else but the standard Cantor set in [0, 1] .
For any finite binary sequence α ∈ 2 <ω let
be a basic closed-and-open subset of K. Let x α := x α0 ω denote the smallest point of the compact set K α . Given a finite binary sequence γ ∈ 2 <ω of length |γ|, consider the rectangle
and its upper subrectangle
In particular, for γ = ∅ ∈ 2 0 , we get
It is easy to see that
For every finite binary sequences α, β ∈ 2 <ω of length |β| ≤ |α| ≤ |β| + 1, consider the subrectangle
Step 3: Constructing an appropriate embedding of Z into K × K.
Consider the family Z of all open countable subsets in Z. The union Z, being a metrizable separable space, is Lindelöf, and hence is countable (being a countable union of open countable subspaces of Z).
Then the complement Z (∞) := Z \ Z is uncountable and contains no isolated points. Being compact and zero-dimensional, the space Z (∞) is homeomorphic to the Cantor set K according to the classical Brouwer Theorem [19, 7.4 ].
In the Cantor set K consider the compact subset
Proof. Observe that the product K × S 0 is homeomorphic to the Cantor set, being a zero-dimensional compact metrizable space without isolated points. Consequently, there exists a homeomorphism h 0 : Z (∞) → K × S 0 . Consider the space C(Z, K 2 ) of continuous functions from Z to K × K, endowed with the compact-open topology (which coincides with the topology of uniform convergence). It is clear that
is not empty as it contains the composition h 0 • r of h 0 with a retraction r : Z → Z (∞) (which exists by [19, 7.3] ). It is well-known [19, 4.19] that the function space C(Z, K 2 ) is Polish and so is its closed subspace C 0 (Z, K 2 ).
For any point
. Using the zero-dimensionality of Z and nowhere density of
For any distinct points x, y ∈ ∪Z, consider the open set U x,y := {f ∈ C 0 (Z,
. Using the zero-dimensionality of Z and the fact that K 2 has no isolated points, it can be shown that the set U x,y is dense in C 0 (Z, K 2 ). Since the space C 0 (Z, K 2 ) is Polish, the countable intersection x,y∈∪Z U x,y of the open dense sets in C 0 (Z, K 2 ) is not empty and hence contains some continuous function h : Z → K × K. The inclusion h ∈ x,y∈∪Z U x,y implies that the function h is injective and hence is a topological embedding (by the compactness of Z).
From now on, we shall identify the space Z with its image h(Z) in K ×K. Under this identification, the subset Z (∞) of Z coincides with K × S 0 .
For finite binary sequences γ, α, β ∈ 2 <ω with |β| ≤ |α| ≤ |β| + 1 let
were defined in the second step.
The sets of the form Z γ α,0 |α| , Z γ α,0 |α|−1 and Z γ are nonempty since they contain parts of Z (∞) . More precisely,
3 n : n > |γ| . On the other hand, the other "rectangles" Z γ α,β can be empty. For any sequences γ, α, β ∈ 2 <ω with |β| ≤ |α| ≤ |β| + 1 and non-empty set Z γ α,β choose a point z
We recall that by x α we denote the smallest real number in the set K α ⊂ R.
Step 4: Defining retractions r, r and r γ . At this step we define three special retractions r :
The retraction r : K × K → Z assigns to each point z ∈ K × K the point r(z), defined as follows. If z ∈ Z, then put r(z) := z. If z / ∈ Z, then z / ∈ K × {0} and there exists a unique γ ∈ 2 <ω such that z ∈ K γ . Observe that the family of pairs
α,β = ∅ is non-empty (since (∅, ∅) ∈ P z ) and finite (since z / ∈ Z and diamK γ α,β → 0 as min{|α|, |β|} → ∞). So, we can choose a pair (α, β) ∈ P z having maximal sum |α| + |β| among the pairs in P z and put r(z) := z γ α,β ∈ Z γ α,β . It is easy to check that the so-defined map r : K 2 → Z is a continuous retraction of K × K onto Z.
Next we define the retraction r :
, then find a unique γ ∈ 2 <ω with z ∈ Z γ and put r(z) = (x γ , 0) where
Finally, for every γ ∈ 2 <ω we define a retraction r γ :
, then we can find unique finite binary sequences α, β ∈ 2 <ω such that z ∈ Z γ α,β , β = 0 |β|−1 1, and |α| = |β|. In this case we put r γ (z) := (x γα , 2 3 |γ|+1 ). Figure 1 . Visualizing the retractions r, r and r γ .
Step 5: Defining the topological ultrafractal structure
First we define the surjective map f 2 :
⊂ Z for some α ∈ 2 ω , then we put f 2 (z) := r(x α , x 1 α ) and if z ∈ Z γ for some γ ∈ {0, 1} <ω , then we put f 2 (z) := f 2 (r(z)) = f 2 (x γ , 0). We recall that by α and α we denote the even and odd parts of the binary sequence α = (α 0 , α 1 , α 2 , . . . ).
Below we list important properties of the map f 2 : Z → Z ∅ . We skip the proof as they follows directly from the construction.
(A 2 ) Let γ ∈ 2 <ω and let p := max{k ≤ |γ| :
For any γ ∈ 2 <ω the set f 2 (Z γ ) coincides with the singleton {f 2 (x γ , 0)} = {r(x γ ,1 γ )}. (C 2 ) the map f 2 is continuous.
Next, for every i ∈ {0, 1} we define the surjective map f i : Z → Z i . Observe that
Fix any point z ∈ Z. If z ∈ K × {0}, then z = (x α , 0) for a unique α ∈ 2 ω and we define f i (z) := (x iα , 0). If x ∈ Z γ for some γ ∈ 2 <ω , then z = (x γα , x 0 |γ| 1β ) for some α, β ∈ 2 ω . If β = 0 ω , then z = (x γα , 2 3 |γ|+1 ) ∈ Z (∞) and we put f i (z) := r x iγ α , x 0 |γ| 01 α .
Otherwise, we put f i (z) := f i (r γ (z)). Now we list properties of f i which follow from its definition: (A i ) Let γ, α, β ∈ 2 <ω be finite binary sequences of length |β| ≤ |α| ≤ |β| + 1 such that Z Now we are going to prove that the space Z endowed with the function family F Z = {f 0 , f 1 , f 2 } is a strict topological ultrafractal. For this we shall describe the structure of images f (Z) under maps f ∈ F •ω Z . Observe that each map f ∈ F •ω Z is equal to the composition
for a suitable finite sequence α = (α 0 , . . . , α n ) ∈ {0, 1, 2} <ω . If α is the empty sequence, then f α is the identity map of X. Taking into account the properties (A i )-(C i ) of the maps f i , i ∈ {0, 1, 2}, we can prove the following lemma.
Lemma 8.3. If for a finite sequence γ ∈ {0, 1, 2} <ω the set f γ (Z) is not a singleton, then one of three possibilities holds:
1) γ ∈ {0, 1} <ω and f γ (Z) = Z γ ;
2) γ = 2β for some sequence β ∈ {0, 1} <ω and f γ (Z) = Z ∅ β , β ; 3) γ = α2β for some sequences α, β ∈ {0, 1} <ω with |α| > 0 and f γ (Z) = Z α i β i , i β i , where i = |α|.
Using Lemma 8.3 it is not difficult to prove that (Z, F Z ) is a strict topological ultrafractal.
By Theorem 6.1, for every positive λ < 1 the Kameyama pseudometric p F Z λ on the topological ultrafractal (Z, F Z ) is an ultrametric with the doubling property. Moreover, for any points x, y ∈ Z the distance p F Z λ (x, y) can be calculated by the formula p
Taking into account that {f (Z) :
α, β, γ ∈ 2 <ω }, we can conclude that for x, y ∈ K × {0} ⊂ Z this formula simplifies to
|γ| : x, y ∈ Z γ for some γ ∈ 2 <ω }.
Step 6: Constructing the map f 3 : Z → X \Z. By our assumption, the compact metrizable space X is finite-dimensional and so is the For every n ∈ ω consider the cover It is clear that for every n ∈ ω, any cube U ∈ n has exactly 2 d successors in the tree ω (those successors are cubes of the cover n+1 , contained in U ).
In the tree ω consider the subtree T consisting of cubes U ∈ ω that have non-empty intersection with the subspace Y of [0, 1] d . The choice of Z ensures that the space Y is not empty, so for any n ∈ ω the n-th level T n = T ∩ n of the tree T is not empty.
In the binary tree 2 <ω consider the subtree (2 d ) <ω := n∈ω 2 dn . By induction on the tree (2 d ) <ω we can construct a surjective map ϕ : (2 d ) <ω → T such that for every n ∈ ω and every s ∈ 2 dn ⊂ (2 d ) <ω the element ϕ(s) belongs to the n-th level T n of T and the set {ϕ(α) : α ∈ 2 d(n+1) , α dn = s} coincides with the set {t ∈ T n+1 : ϕ(s) ≤ t} of successors of ϕ(s) in the tree T . This set of successor has cardinality ≤ 2 d , so the inductive construction of ϕ is indeed possible.
The surjective morphism of the trees ϕ : (2 d ) <ω → T determines a well-defined continuous surjective map ∂ϕ : 2 ω → Y assigning to each infinite binary sequence s ∈ 2 ω the unique point of the intersection n∈ω ϕ(s dn) of the decreasing sequence of cubes ϕ(s dn) n∈ω . It is easy to see that for any finite binary sequence s ∈ 2 dn ⊂ (2 d ) <ω we have ∂ϕ(↑s) = Y ∩ ϕ(s), where ↑s = {α ∈ 2 ω : α dn = s}.
Let
• r : Z → Y be the map assigning to each point z ∈ Z the point ∂ϕ(α) where α ∈ 2 ω is the unique sequence such that (x α , 0) = r(z) . It follows that for every s ∈ 2 dn ⊂ (2 d ) <ω the set Z s has image
Step 7: Constructing the topological fractal structure F = {f i } 3 i=0 on X. As we already know, the function system F Z = {f 0 , f 1 , f 2 } is a topological (ultra)fractal structure on Z, which implies that for every i ∈ {0, 1, 2} the map f i has a unique fixed point z i ∈ Z.
Letf i : X → Z ⊂ X be the (unique) extension of the map f i such thatf i (Y ) = {z i }. In this casē
We claim that the function system F = {f i } 3 i=0 on X is a topologically contracting. Given any open cover U on X, use the continuity of the mapsf i for i ∈ {0, 1, 2, 3} and find an open cover V of Z such that for any V ∈ V and i ∈ {0, 1, 2, 3} the setf i (V ) is contained in some set U ∈ U. Since the function system F Z = {f i } 2 i=0 on Z is topologically contracting, there exists k ∈ N such that for any function f ∈ F •k Z the set f (Z) is contained in some set V ∈ V. We claim that for any function f ∈ F •(k+1) the set f (X) is contained in some set U ∈ U. This is trivially true if f (X) is a singleton. So, we assume that f (X) is not a singleton.
Since f ∈ F •(k+1) , there exists a sequence α = (α 0 , . . . , α k ) ∈ {0, 1, 2, 3} k+1 such that f is equal to the mapf
is a singleton and so is the set f (X). Since f (X) is not a singleton, α i ∈ {0, 1, 2} for all positive i ≤ k. The choice of k ensures that the set f α 1 • · · · • f α k (Z) is contained in some set V ∈ V and the choice of the cover V guarantees thatf α 0 (V ) is contained in some U ∈ U. Then
Therefore the pair (X, F) is a topological fractal.
Step 8: Exploring properties of the Kameyama pseudometric p F λ on X. In this step we shall show that for a sufficiently large λ < 1 the Kameyama pseudometric p F λ on X is a metric with the doubling property.
Observe that Lemma 8.3 and the definitions of the mapsf 3 and r imply the following description of the images f (X) for f ∈F •ω .
Lemma 8.4. If for a finite sequence γ ∈ {0, 1, 2, 3} <ω the setf γ (Z) is not a singleton, then one of four possibilities holds:
2) γ = 2β for some sequence β ∈ {0, 1} <ω , andf γ (X) = f γ (Z) = Z ∅ β , β ; 3) γ = α2β for some sequences α, β ∈ {0, 1} <ω with |α| > 0, andf γ (X) = f γ (Z) = Z α i β i , i β i , where i = |α|; 4) γ = 3α for some sequence α ∈ {0, 1} <ω , andf γ (X) =f 3 (Z α ).
Fix any positive real number λ < 1 with λ d ≥ 1 2 and consider the Kameyama pseudometric p F λ generated by the topological fractal structure F = {f i } 3 i=0 on X. Observe that for each map f ∈ ∞ k=1 F •k the image f (X) is disjoint either with Y or with Z. This implies that p F λ (y, z) = 1 for any y ∈ Y and z ∈ Z. The restriction of the Kameyama pseudometric p F λ to Z coincides with the Kameyama ultrametric p Now we evaluate the restriction of the Kameyama pseudometric p F λ to Y × Y using the metric generated by the equivalent norm (x i ) i∈d := max i∈d |x i | on the Euclidean space
Let s ≤ 1 be the unique positive real number such that
The following lemma implies that the Kameyama pseudometric p F λ is a metric. Lemma 8.5. For any points x, y ∈ Y we have p F λ (x, y) ≥ λ d · x − y s . Proof. To derive a contradiction, assume that p F λ (x, y) < λ d · x − y s for some points x, y ∈ Y and using the definition of p F λ , find a sequence g 0 , . . . , g m ∈F •ω such that x ∈ g 0 (X), y ∈ g m (X), g i (X) ∩ g i+1 (X) = ∅ for all 0 ≤ i < m, and m i=0 λ o(g i ) < λ d · x − y s . The last inequality implies that o(g i ) > d for all i. We can assume that each set g i (X) is not a singleton, so the number o(g i ) is finite.
Let x 0 = x, x m+1 = y and for every i ∈ {1, . . . , m} let x i be any point in the intersection g i−1 (X) ∩ g i (X). Since x ∈ Y , also x 1 , . . . , x m+1 ∈ Y and we can apply Lemma 8.4 and conclude that each map g i is of the formf 3α i for some sequence α i ∈ {0, 1} o(g i )−1 . For every i ≤ m find a unique number n i ∈ N such that dn i ≤ o(g i ) − 1 < dn i + d and let β i = α i dn i ∈ 2 dn i . Then g i (X) =f 3α i (X) ⊂f 3β i (X) =f 3 (f β i (Z)) = f 3 (Z β i ) = Y ∩ ϕ(β i ), where ϕ(β i ) is a cube in the cover n i . Now we see that
s and hence
which contradicts the choice of the sequence g 0 , . . . , g m .
Our final lemma completes the proof of Theorem 8.1.
Lemma 8.6. The Kameyama metric p F λ on X has the doubling property. Proof. The doubling property of p F λ will follow as soon as we show that each subset S ⊂ Y can be covered by 17 d sets of diameter ≤ λ · diam(S). This is trivial if S is a singleton. So, we assume that S contains more than one point. Fix any point x ∈ S and find a unique n ∈ ω such that 1 2 ns ≤ sup y∈S p F λ (x, y) < 1 2 (n−1)s . Let U x = {U ∈ n : ∃y ∈ U, x − y < 8 2 n }. It is easy to see that |U x | ≤ 17 d . We claim that S ⊂ U x .
Given any y ∈ S \ {x}, find a sequence g 0 , . . . , g m ∈ F such that x ∈ g 0 (X), y ∈ g m (X), g i (X) ∩ g i+1 (X) = ∅ for all 0 ≤ i < m, and m i=0 λ o(g i ) < λ −1 p F λ (x, y). We can assume that each set g i (X) is not a singleton, so the number o(g i ) is finite. Since S ⊂ Y =f 3 (X), we can also assume that o(g i ) > 0. Let x 0 = x, x m+1 = y and for every i ∈ {1, . . . , m} let x i be any point in the intersection g i−1 (X) ∩ g i (X). Since x ∈ Y , we can apply Lemma 8.4 and conclude that each g i is of the form f 3α i for some sequence α i ∈ {0, 1} o(g i )−1 . For every i ≤ m, find a unique number n i ∈ ω such that dn i ≤ o(g i )−1 < dn i +d and let β i = α i dn i ∈ 2 dn i . Then g i (X) =f 3α i (X) ⊂f 3β i (X) =f 3 (f β i (Z)) = f 3 (Z β i ) = Y ∩ ϕ(β i ), where ϕ(β i ) is a cube in the cover n i . Consequently, 
Some Open Problems
In this section we discuss a possible approach to a solution of the following open problem. We can argue as follows. Let (X, F) be a topological fractal and α : F ω → X be the surjective continuous map assigning to each sequence (f n ) n∈ω ∈ F ω the unique point of the intersection Given a real number c < 1 on the countable set F <ω = n∈ω {n} × F n consider the measure µ c such that µ c ({(n, f )}) = c n for all n ∈ ω and f ∈ F n .
Consider the map χ : F ω → L 2 (µ c ) assigning to each sequence f ∈ F ω the characteristic function of the set {(n, f n) : n ∈ ω}.
Let Z be the closed linear span of the set {χ(x) − χ(y) : x, y ∈ F ω , α(x) = α(y)} in the Hilbert space L 2 (µ c ). Let H = L 2 (µ c )/Z be the quotient Hilbert space and q : L 2 (µ c ) → H be the quotient operator. The definition of Z implies the existence of a continuous map i c : X → H such that i c • α = q • χ. The map i c induces a continuous pseudometric p c on X defined by p c (x, y) = i c (x) − i c (y) for x, y ∈ X. Problem 9.2. Under which conditions on (X, F) and c < 1 the pseudometric p c is a metric? Is p c a metric if X admits a metric in which every map f ∈ F is contracting with Lipschitz constant Lip(f ) ≤ c?
Acknowledgements
The first author would like to express his sincere thanks to W lodzimierz Holsztyński, Bill Johnson, and Tomasz Kania for very helpful comments during a mathoverflow-discussion devoted to absolute Lipschitz retracts and their relation to Banach space theory.
